Summary. In the paper we are interested in nonnegative and nonpositive solutions of the bound- (1) where f ful ls the Carath odory conditions on 0 1] R: We generalize the results reached by M. N. Nkashama, J. Santanilla and L. Sanchez and present estimates for solutions. Besides, we apply our existence theorems to periodic boundary value problems for nonlinear Du ng equations whose right-hand sides have a repulsive or attractive singularity at the origin. We extend or generalize existence results by A. C. Lazer and S. Solimini and other authors. Moreover, we get some multiplicity results and in the case of a repulsive singularity w e also admit a w eak singularity, in constrast to the previous papers on this subject. Our proofs are based on the method of lower and upper functions and topological degree arguments and the results are tested on examples.
(1) where f ful ls the Carath odory conditions on 0 1] R: We generalize the results reached by M. N. Nkashama, J. Santanilla and L. Sanchez and present estimates for solutions. Besides, we apply our existence theorems to periodic boundary value problems for nonlinear Du ng equations whose right-hand sides have a repulsive or attractive singularity at the origin. We extend or generalize existence results by A. C. Lazer and S. Solimini and other authors. Moreover, we get some multiplicity results and in the case of a repulsive singularity w e also admit a w eak singularity, in constrast to the previous papers on this subject. Our proofs are based on the method of lower and upper functions and topological degree arguments and the results are tested on examples. In this paper we study the special case of (0.1) 
. Preliminaries
Throughout the paper we keep the following notation:
As usual, C 0 1] and C (0 1) are respectively the sets of functions continuous on 
if t 1 > t :
In both cases, making use of (1. Consequently, using again (1.1) and Remark 1. In addition to the existence results, Theorem 2.1 enables us to get an estimate for the guaranteed solution. Indeed, in the case of (2.9) we have ;e 1 + e u(t) 2 has a solution u which satis es (2.11). Further, we c a n c heck that all assumptions of Corollary 2.9 are ful lled. We can put r 2 = On the other hand, we cannot get the existence of u and v from Theorem 0.3 because the right hand side of (2.33) ful ls neither (0.4) nor (0.6).
We will close this section by showing that Theorems 0. Because of the duality of these theorems we restrict ourselves to the proof of Theorem 2. where out stands for the outer measure corresponding to : Theorem 2.13 can be then reformulated in the following assertion. Its proof would beanalogous to that of Theorem 2.13. Only in the de nition of (t n) the essential in mum should be used instead of in mum. Having in mind Remarks 2.2 and 2.11, we can apply all existence theorems from Section 2 to the problems (3.1) and (3.2) provided r 1 and r 2 are strictly positive. First, as direct consequences of Theorem 2.1, we get the following two corollaries which contain the above result from 4].
3.1. Corollary. Suppose that g 2 C (0 1) and e 2 L 0 1] are such that g(1) < 1 (3.6) g(x) > g (1) for all x > 0 (3.7) and there exists r 1 2 (0 1) such that e(t) g(r 1 ) for a.e. t 2 0 1]:
Then the condition e > g (1) is necessary and su cient for the existence of a positive solution to (3.1).
Proof. First, suppose e > g (1) and for a.e. t 2 0 1] and any x 2 R put f(t x) = e(t) ; ( g(x) if x r 1 g(r 1 ) if x < r 1 :
Then, in virtue of (3.8), f satis es the assumption (2.1) of Theorem 2.1. Furthermore, according to (3.6) , there is A 1 r 1 such that (2.2) with 1 (t) = e(t) ; e is also satis ed. By Theorem 2.1 this proves the existence of the desired solution.
On the other hand, if u is a positive solution to (3.1), then integrating the di erential equation in (3.1) and making use of (3. and by Corollary 3.5, the problem (3.9) has at least two di erent positive solutions provided the condition e > K holds. If e = K we get at least one positive solution for (3.9). Let us note that if e = s u p ess t2 0 1] e(t) < K then the problem (3.9) has no positive solution because in such a case we have e(t) ; a x + bx < 0 for a.e. t 2 0 1] and all x > 0: Theorem 6.1 and Corollary 6.1 of 5], which concern the case of continuous e and involve the stronger condition (3.4) instead of our condition (3.8), indicate that the above Corollaries 3.1 and 3.3 may be already known. However, the authors believe that the next assertion, which is a direct corollary of Theorem 2.5 and which concerns the problem (3.2) having a repulsive singularity a t t h e origin, is new. Finally, let us consider the problem (3.18) with b < 0: By a slight modi cation of the proof of Theorem 2.5 we get an assertion which can beapplied to this case. and consider the problem (3.13). As the couples (r 2 0) and (r 1 0) are respectively upper and lower functions to (3.13), by the assertion (II) of Theorem 
